Introduction
The geometry of a manifold is given by a metric, which defines a notion of distance between two points. Paths of shortest length connecting points are obtained as the critical curves of the functional variation of the integral defining arclength. Functional variation of this integral yields Euler-Lagrange equations which are a system of ordinary differential equations of second order, whose solutions are the geodesics. Thus associated with geometry is a system of ODEs. This paper seeks to answer the inverse problem: when does a system of ODEs represent the paths of shortest length of a metric? That is, we wish to establish when ordinary differential equations exhibit an underlying geometry. We shall not be so ambitious as to attempt a solution on manifolds of arbitrary dimension and endowed with a general metric but shall restrict ourselves to the case of a pair of second-order ODEs on a (two-dimensional) surface and ask when the underlying geometry is flat, that is, a Euclidean space. We are concerned only with the solutions of the ODEs up to reparameterization since they serve merely to describe the paths of shortest length on the surface. Geodesics however, are not invariant with respect to general changes of parameter, so it shall be necessary to incorporate reparameterization in the precise definition of the problem. The formulation of the equivalence problem is the content of sections 1 and 2. In section 3, Cartan's method of equivalence is employed up to the level of the first normalization for generic ODEs. In section 4, we obtain the solution in the Euclidean case. The equivalence method is carried through in section 5, for generic pairs of second-order ODEs with the result that the symmetry of the system produces 24 invariant functions.
Before proceeding, it is intructive to consider the simpler problem without considerations of parameterization: when are the solutions to a pair of second-order ordinary differential equations
locally, the geodesics of some Euclidean metric on the plane? The geodesics of a Euclidean metric are the straight lines with respect to some coordinate system. Thus our problem may be formulated as follows: when does there exist a coordinate system Y = Y (y) such on U ⊆ R 5 . Similarly we represent the equations (4) by the Pfaffian system
Form the coframes
Observe that I (resp. J) is spanned by ω 2 , ..., ω 5 (resp. Ω 2 , ..., Ω 5 ).
Consider those transformations
(1) Φ * (J) = I, and
This is an overdetermined equivalence problem (cf. [5] ). Nevertheless, we shall not follow the approach given in the above reference in that all the information contained in ( * ) may be encoded by an apprpriately chosen coframe and group, as follows.
Let G be the subgroup of GL(5, R) whose elements are represented by
It is easily shown that a diffeomerphism Φ : U → V satisfies ( * ) if and only if Φ * (Ω) = γω for some γ : U → G. In order to avoid the awkward presence of the map γ, form the lifted coframe η (resp. H) on the G-bundle G × U (resp. G × V ):
where S : G → GL(5, R) is the natural injection. It can be shown that Φ * (Ω) = γω if and only ifΦ * (H) = η,
We arrive at the following formulation of the equivalence problem:
The two systems of ordinary differential equations (3) and (4) are equivalent with respect to a diffeomorphism Φ : U → V of the form Φ(y, t) = (Y (y), T (y, t)) if and only if there exists a diffeomorphismΦ(g, u) :
With this characterization of equivalence we now proceed to reduce the group G.
The First Normalization
The structure equations, after making the obvious absorptions are
give us the following infinitesimal group action on the torsion tensor.
Therefore the group action on the torsion tensor is
where J 0 , A 0 , and B 0 denote the tensors J, A and B, respectively, at the group identity.
A parametric calculation shows that
We may therefore normalize J = 0, A = (0, 1), and B = (1, 0).
Substituting these values into (5) results in
The structure equations become
where
Absorb the torsion as follows:
The new structure equations are
give the following infinitesimal group action on the torsion tensor:
Geodesics of Flat, Symmetric Connections
In this section the equivalence problem is carried through for the case F = G = 0. This will lead to an e-structure with constant torsion on a 12-dimensional space. The only invariants are therefore constant invariants and thus we obtain a complete solution to the problem of equivalence.
The Second Normalization
A parametric calculation will show that at the identity
This leaves the following two equations:
Normalize A ≡ B ≡ 0. We then have
This produces new torsion by
This gives the following structure equations: 
We then obtain 
Now at the identity A 0 = B 0 = 0. Thus A = B = 0, and hence 
Only constant torsion remains so the system must be prolonged.
Prolongation
Now dim G (1) = 2. The first prolongation corresponds to the following arbitrariness in the tableau:
where a, b ∈ R are arbitrary.
The structure equations for η may be written,
Taking d 2 of the above structure equations we obtain the following:
It follows from a somewhat lengthy but straightforward calculation that the structure equations for θ are given by
where Φ 1 and Φ 2 are 1-forms in the new tableau. The equations
give the following infinitesimal action on the torsion tensor
At the group identity,
therefore these terms are identically zero. Thus,
Consequently,
We also have,
Therefore,
for some function l. We obtain the following structure equations
where A has been written for A 1 .
The Third Normalization
We have the infinitesimal group action on the torsion given by
Normalize A = 0. Then Φ 2 = lη 2 and hence
We have constant torsion and an e-structure. Thus (η 1 , ..., η 5 , θ 1 , ..., θ 6 , Φ) is an invariant coframe (here we have written Φ = Φ 1 .) The equations
for i = 1, 2, 3 and 5 give
Thus the structure equations are
We have shown the following:
are the geodesics of a Euclidean space with respect to a transformation of the form (Y, T ) = (Y (y), T (y, t)) if and only if equations (7) yield the structure equations (6).
The structure equations (6) 
The map φ : F → G is a group isomorphism and so we may identify the fractal-linear transformations with G.
The Generic Case
In this section we continue the equivalence problem from the end of the first normalization (section 3).
The Second Normalization
Recall that after the first normalization we have the structure equations 
with infinitesimal group action on the torsion tensor given by
In the generic case, D = 0. We thus normalize
This gives us
It follows that
The new structure equations are: 
At this point, the group is the subgroup of GL(5, R) whose elenents are of the form 
